PACS 71.10.-w -Theories and models of many-electron systems PACS 71.23.-k -Electronic structure of disordered solids Abstract -We develop a framework to describe a wide class of flat-band models, with and without a translational symmetry, by using "molecular orbitals" introduced in the prior work [Europhys. Lett. 95, (2011) 20003]. Using the molecular-orbital representation, we shed new light on the band-touching problem between flat and dispersive bands. We show that the band touching occurs as a result of collapse, or the linearly-dependent nature, of molecular orbitals. Conversely, we can gap out the flat bands by modulating the molecular orbitals so that they do not collapse, which provides a simple prescription to construct models having a finite energy gap between flat bands and dispersive bands.
Introduction.-Flat-band models are a fertile ground for exotic phenomena in condensed matter physics. For fermionic systems, it is a source of a ferromagnetism in the presence of the interactions [1] [2] [3] [4] [5] [6] [7] . In the magnetic systems, the flat band of the magnetic mode in the lowenergy indicates the massive degeneracy, resulting from the frustrated nature [8] [9] [10] . Recently, the combination of flat bands and topology has also attracted considerable interests [7, [11] [12] [13] [14] .
So far, lots of efforts have been devoted to seek the simple tight-binding Hamiltonians having flat bands, such as a Lieb lattice and related models, [1, 4, 5, [15] [16] [17] , line graphs [2, 3, 7] , and partial line graphs [18] . It was found in those lattices that the quantum interference arising from the geometry of the lattices gives rise to localized eigenstates which correspond to the flat bands. For example, in a Kagome lattice, a simple form the localized eigenstate is given by assigning the staggered weight on the elementary "loops" [19] .
The construction of localized eigenstates is elegant, but strongly relies on the geometry of the lattice. This makes it puzzling to consider the models beyond the conventional nearest-neighbor (NN) hoppings models, e.g., in the presence of disorders and/or the farther-neighbor hoppings. In this letter, we present an opposite view of the flatband models, namely, we discuss how to describe dispersive bands in the flat-band models. Extending the notion introduced in the prior works [20, 21] , we show that the dispersive bands in a wide class of flat-band models are spanned by the non-orthogonal basis functions consist of a small number of sites which are referred to as "molecular orbitals (MOs)". Then, the flat bands can be viewed as a complement of that space of MOs, and they are enforced to have constant energies if the Hamiltonian is written only by MOs. In other words, the flat-band models, with generic hoppings including farther-neighbor hoppings, can be written by MOs. Even in the presence of disorders, where the band picture is not available, the emergence of massively-degenerate eigenstates is guaranteed as far as the Hamiltonian is purely composed of MOs.
To demonstrate the usefulness of the MOrepresentation, we revisit the band-touching problem, or, counting the degeneracy of massively-degenerated states. In the literature, this problem is discussed in terms of "topological" nature of the lattices, namely, the number of the degenerate modes is associated with that of "loops" in the lattice [19] ; recently, a novel perspective was introduced with respect to the singularity of the Bloch wave function in the momentum space [22] . In the scheme of the MO-representation, the equivalent conclusion is obtained by counting the number of the linearly independent MOs; more precisely, the number of the linearly independent MOs subtracted from the total number of degrees of freedom gives the minimum of the degeneracy. Further, the merit of the MO-representation is that, one can easily find how to lift the degeneracy between flat bands and dispersive bands. To be more specific, we modulate the MOs so that all the MOs become linearly independent. We demonstrate this procedure through some concrete examples, after introducing the Formulation.-The construction of flat-band models on the basis of MOs is conceptually similar to the "cell construction" introduced by Tasaki [4, 5] . MOrepresentation was applied to several models such as generalized pyrochlore models [20] and the minimal model for silicene [21] . Here we present a general formulation of the MO-representation applicable to both periodic and disordered systems. For simplicity, we consider the case where the flat band(s) have zero energy. Generalization to the case with multiple flat bands with different energies is straightforward. In such a case, the number of possible choices of MO-representations increases accordingly [21] .
Let us consider a lattice model with N sites for spinless fermions:
where C i is an annihilation operator of a MO i, (i = 1, · · · , M ) as
with c = (c 1 , · · · , c N ) T , and
T . It should be noted that the MOs are not necessarily orthogonal to each other, i.e., an anti-commutation relation {C i , C † j } = δ i,j does not necessarily hold. Using MOs, the Hamiltonian of Eq. (1) can be written in an original fermion basis as
where h is an M × M matrix and
is an N × M matrix. Now, using a simple formula for
Then if N > M , there are N − M (> 0) zero-energy eigenstates. When applying the above argument to the Hamiltonian matrix in the momentum space, one obtains flat
bands. One may also apply it to the disordered systems as well. Condition for additional zero modes.-Additional zero modes, or band touchings for translationally-invariant systems, appear when
or
where
is an M -th minor of Ψ. It follows from a relation
This is a condition for the dimension of the projected linear space spanned by M column vectors of Ψh is less than M . It implies that the projected nonzero energy bands are collapsed. Intuitively, the condition of Eq. (8) corresponds to the case where the MOs are not linearly independent with each other, thus the existence of the additional zero modes can be predicted by counting the number of linearly-independent MOs. It should be noted, however, that the counting of linearly-independent MOs can not capture the number of additional zero modes. More precisely, we can predict from the conditions of Eqs. (7) and (8) whether the reduction of the rank of hΨ † Ψ occurs, but can not predict the rank itself; see the case of α-T 3 model for the non-trivial example, where the number of additional zero modes increases due to a symmetry. So, the counting of the linearly-independent MOs tells us the minimum of the number of additional zero modes. In the following, we elucidate, by using the specific models, how to construct the MOs and provide a simple view of the origin of additional zero modes, as well as a method of how to erase that touching.
Chiral symmetric case.-Before looking at specific examples, we present the generic argument on a typical case, namely, chiral symmetric systems with sublattice imbalance. The Hamiltonian takes a form of
. This H is actually rewritten by a multiplet Ψ, that is a set of M = 2N B MOs with its total dimension N = N A + N B , as
By the general argument, it implies that there exist p-2 Further, additional zero modes appear when det hΨ
Kagome-lattice models.-We first consider a tight-binding model on a Kagome lattice with L×L unit cells [ Fig. 1(a) ]. The Hamiltonian considered here is written as
where i adn j denote sites on a Kagome lattice, R and R denote the upward and downward triangles on the unit cell R, respectively, and t R and t R are transfer integrals.
The translationally-invariant case, i.e. t R = t , t R = t for all R, is known as a breathing Kagome model [23] [24] [25] [26] . In this model, the band touching between flat and dispersive bands occurs [19, 20, 26] [ Fig. 1(b) ]. In the disordered case, i.e. t R and t R are chosen randomly, we can not adopt the band picture. Nevertheless, the analogous phenomenon of the band touching, namely, the additional degeneracy of the zero mode, occurs. In what follows, we pursue its origin by using the MO-representation.
We define the MO on each triangle:
2 One may check it directly as A model in Ref. [27] , and (b) its band structure for γ = 2. The orange and purple sites have an on-site potential with γ 2 + 1 and 2, respectively. Blue and red triangles denoteC and C , respectively. (c) A model in Ref. [19] , and (d) its band structure. A hexagonal plaquette colored in magenta denotes C.
then, the the Hamiltonian of Eq. (10) is written as
Since the number of sites is 3 × L × L and the number of MOs is 2 × L × L, the model has at least L × L zero modes, from the aforementioned argument. In addition, the model has an additional zero mode. We confirm this numerically: In Fig. 1(c) , we show the energy spectrum for L = 10 with t R , t R ∈ [−1/2, 1/2], chosen randomly. In fact, we find that 101 (= 10 × 10 + 1) modes out of 300 have zero-energy.
The origin of the additional zero mode can be understood as follows. Since a set of all upward triangles covers all the sites on a Kagome lattice, and so does that of all downward triangles, we have
This implies that one of the MOs is written by the linear combination of the others, e.g.,
Therefore, the dimension of the space spanned by the MOs is not 2 × L × L but 2 × L × L − 1, which gives rise to one additional zero modes. The above argument indicates that the flat band in the models written by the MOs of (11) and (12) can not be gapped out. However, in the previous works, several models on a Kagome lattices in which the flat band does p-3 not touch the dispersive band are proposed [19, 27] . This means that those models are written in the different MOs, and in the following we show the explicit form of those MOs, one-by-one.
First, let us consider the model in Ref. [27] , shown in Fig. 2(a) . The MOs describing this model are obtained by modifying (11) and (12), slightly:
with |γ| = 1. Note thatC R, andC R, are linearly independent with each other, due to the following reason.
SinceCs are defined in a translationally-invariant manner, one can perform Fourier transformation:
is not parallel to
Since allCs are linearly independent as mentioned above, the band touching does not occur [ Fig. 2(b) ], as pointed out in Ref. [27] . The present method to gap out the flat band is simple in a sense that it does not require the search for suitable real-space texture of the hoppings to realize the localized eigenstate on a large loops [27] . Also, it is easy to construct a model with disorders, as
Next, let us consider the second model, shown in Fig. 2(c) , which contains not only the on-site and NN terms but also next NN and the third NN terms [19] . The MOs are completely different from (11) and (12) . Namely, MOs are defined on the hexagonal loops, rather than the triangles, as
that are linearly independent with each other. This choice of MOs is inferred from the analogous spin model [28] . Then, consider the Hamiltonian H = RC † RC R . This Hamiltonian has two flat bands and one dispersive band, which is consistent with the fact that the number of linearly independent MOs is L × L [ Fig. 2(d) ].
As shown above, there are various choices of the MOs even on the same lattices, thus the presence/absence of the band touching is crudely dependent not on the lattice geometry but on the choice of the MOs.
Example 2: α-T 3 model.-Let us move on to the next 
where ξ 1 = 0, ξ 2 = a 1 , and ξ 3 = −a 2 ; η 1 = 0, η 2 = −a 1 , and η 3 = −a 1 − a 2 . The model is an example of the chiral symmetric case with sublattice imbalance, and is known to have a flat band for arbitrary α. The band structure for α = 0.3 is shown in Fig. 3(b) . We see that the flat band, having the zero energy, touches the dispersive band at K point, where the dispersive bands form a Dirac point. Since there are two Dirac points (K and K points), the number of zero-energy mode is L × L + 4, if L is a multiple of three 3 . For this model, we define two MOs to rewrite the Hamiltonian, as (20) and
Notice that d R,a and d R ,b are orthogonal to each other since they have the weight on different sublattices. By using these MOs, the Hamiltonian of Eq. (19) can be written as
where d k,a/b = R d R,a/b e −ik·R . Now, let us look examine the relation between the number of linearly-independent MOs and the degeneracy of zero modes. At K point, where the triple band touching occurs, we have
Similarly, d k K ,a vanishes as well. Thus, the number of linearly-independent MOs is 2L×L−2. However, as mentioned before, the number of zero modes is L×L+4 rather than L × L + 2, meaning that there exist two additional zero modes. The origin of these is chiral symmetry. To be specific, if we define an operator Γ such that Γd a Γ = d a , (24) with |β| = 1. Sinced R,a are linearly independent with each other, the Hamiltonian given as H = Rd † R,a d R,b + d † R,bd R,a , does not band-touching points [ Fig. 3(d) ]. The corresponding hoppings in the real space is shown in Fig. 3(c) . The similar method to lift the degeneracy is used in Ref. [30] for a Lieb lattice.
Summary and discussions.-We have shown that the MOs can express the Hamiltonian of a wide class of flatband models, and that the subspace spanned by MOs corresponds to the eigenspace of dispersive modes. Therefore, by counting the dimension of this subspace, we can count the number of flat modes as well, since the flat bands correspond to the co-space of MOs.
To demonstrate its usefulness, we have studied the flat band models with and without translational symmetry, focusing on the band-touching problem. From the viewpoint of MOs, the additional degeneracy of flat bands and dispersive bands appears when the MOs are not linearly independent with each other. This indicates that, to gap out the flat band, one needs a modulation of MOs such that all the MOs become linearly independent with each other. This offers a simple way to construct models with gapped flat bands.
Besides the band-touching problem, we expect that the applicability of the MO-representation is powerful in many aspects when constructing desirable flat-band models. For instance, the tuning of the flat-band energy by adding farther-neighbor hoppings, which one of the authors have proposed recently [26] , is also simply realized by using MOs. Namely, the choice of hoppings, which was argued in the context of the graph-theoretical distance, corresponds to those given by the NN hopping of MOs. We hope that the MO-representation sheds light on the physics of flatband models in various contexts.
